A pair of vertices of a graph is called a dominating pair if the vertex set of every path between these two vertices is a dominating set of the graph. A graph is a weak dominating pair graph if it has a dominating pair. Further, a graph is called a dominating pair graph if each of its connected induced subgraphs is a weak dominating pair graph. Dominating pair graphs form a class of graphs containing interval, permutation, cocomparability, and asteroidal triple-free graphs.
Introduction.
A graph is called a dominating pair graph if each of its connected induced subgraphs has a dominating pair. Similarly, a graph is called a diametral path graph if every connected induced subgraph has a dominating diametral path, where a diametral path is a shortest path of a graph whose length is equal to the diameter of the graph. Diametral path graphs and dominating pair graphs were introduced as models for the design and analysis of networks in an adversarial environment [6, 7] . Both graph classes are natural extensions of the class of asteroidal triple-free graphs for which a long list of structural and algorithmic properties has been developed, in particular by Corneil, Olariu, and Stewart (see, e.g., [3, 4] ). Furthermore, well-known graph classes such as interval, permutation, trapezoid, and cocomparability graphs are subclasses of AT-free graphs and thus also of diametral path graphs and dominating pair graphs.
Naturally diametral path graphs as well as dominating pair graphs are good candidates for investigating structural properties similar to those established for asteroidal triple-free graphs. Some structural properties of diametral path graphs are shown in [7] .
In this paper, our objective is to investigate structural properties of dominating pair graphs. We are interested in the natural question, Which of the structural properties of asteroidal triple-free graphs can be extended to dominating pair graphs (or even larger classes of graphs)? To anticipate, our main results are the following:
• An interesting polar theorem for dominating pairs in asteroidal triple-free graphs is given in [3] . We shall show that it can be extended to all graphs G = (V, E) having a dominating pair, called weak dominating pair graphs, a 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 [3] ). Any connected AT-free graph has a DP. Moreover, any connected AT-free graph has a diametral DP.
Diametral path graphs and dominating pair graphs were introduced in [7] .
Definition 2.4. A graph G = (V, E) is a diametral path graph if every connected induced subgraph H of G has a dominating diametral path, i.e., a diametral path P such that the vertex set V (P ) is a dominating set of G . A graph G = (V, E) is a dominating pair graph if every connected induced subgraph H of G has a DP.
Every AT-free graph is a dominating pair graph by Theorem 2.3. On the other hand, it is easy to see that not every dominating pair graph is AT-free. (Consider, e.g., C 6 , the chordless cycle on six vertices.) Hence AT-free graphs form a proper subclass of the class of dominating pair graphs. Notice that not every property of AT-free graphs extends to dominating pair graphs: although every connected ATfree graph has a diametral DP by Theorem 2.3, there are connected dominating pair graphs without a diametral DP (see Figure 2 .1).
Weak dominating pair graphs.
It shall turn out that the following graph class is interesting on its own. Definition 3.1. A graph G = (V, E) is a weak dominating pair graph if G has a DP.
In this section we investigate some structural properties of weak dominating pair graphs. In the next section we establish a polar theorem for weak dominating pair graphs.
Minimal separators are helpful for understanding the structure of weak dominating pair graphs. Throughout the paper we make use of the following well-known property (see [9] 
The following lemma provides a useful necessary condition for ATs in weak dominating pair graphs.
Proof. Let (x, y) be a DP and let {a, b, c} be a 3 -distant AT of G . Consider a shortest x, y -path y) is a DP. Thus every vertex of G has a neighbor in the path P . Let w = x i be the leftmost vertex of P which is adjacent to a vertex of {a, b, c} , and let z = x j be the rightmost vertex of P adjacent to a vertex of {a, b, c} . Since {a, b, c} is 3 -distant no two of the three vertices of {a, b, c} have a common neighbor. Therefore j > i + 1.
If there is a vertex in {a, b, c} , say vertex a, which is adjacent to both w and z , then the path (x = x 0 , x 1 , . . . , x i = w, a, z = x j , . . . , x k = y) is an x, y -path not containing any vertex of N [b] ; thus (x, y) cannot be a DP, a contradiction.
Otherwise, w.l.o.g. assume that a is the unique vertex of {a, b, c} adjacent to w and that c is the unique vertex of {a, b, c} adjacent to z . Since {a, b, c} is an AT there is an a, c-path Q avoiding N [b] . Consequently, there is an x, y -path avoiding N [b] consisting of the x, w -subpath of P followed by the path Q and the z, y -subpath of P . Hence (x, y) is not a DP, a contradiction.
Remark 3.1. Of course the necessary condition of Lemma 3.7 for a graph to have a DP is not sufficient. Even if no connected induced subgraph of a graph G has a 3-distant AT, the graph G may not be a weak dominating pair graph. (Consider, e.g., C 7 .) 4. A polar theorem. The following polar theorem is one of the main contributions of our paper. It extends the polar theorem for dominating pairs in AT-free graphs of diameter at least 4 given in [3] to weak dominating pair graphs of diameter at least 5. For a vertex v ∈ V \S we define depth(v) = min s∈S d G (v, s) , and we set depth(s) = 0 for all vertices s ∈ S . Now we partition the vertex set S ∪ C for any component
, containing all vertices of depth k . We say that the maximum k for which H k (C) = ∅ is the depth of the component C and denote it by depth(C) . Thus depth(C) = 1 for all nonfar
Let (a, b) be any DP of G . Since diam(G) ≥ 5 and since every a, b-path is dominating, one of the vertices a and b must belong to the last two levels of C x and the other one to the last two levels of C y . Now, for the DP (x, y) of G , we define the sets X = X(x, y) and Y = Y (x, y) as follows. If (a, b) is a DP, then a ∈ X and b ∈ Y if and only if either a ∈ S and {a, x} ∈ E or a ∈ C x . Notice that the partition is well defined, since x and y have no common neighbor. Notice that the theorem is true if, for every connected graph
Suppose there is a connected graph G = (V, E) with diameter at least 5 violating the theorem. Thus there is a DP (x, y) of G and a minimal x, y -separator S , and there exist another DP (x , y ) (x = x and y = y ) of G with x ∈ C x , or x ∈ S and {x , x} ∈ E , such that (x , y) is not a DP of G . As mentioned above,
Furthermore, if (a, b) is a DP with a ∈ C x ∪ S and b ∈ C y ∪ S , then, by Lemma 3.3, every a, S -path can be extended to an a, b-path by adding vertices of C y and vertex b only, and similarly every b, S -path can be extended to an a, b-path by adding vertices of C x and vertex a only. Thus since (a, b) is a DP the vertex set of every a, S -path dominates C x , and the vertex set of every b, S -path dominates C y . Consequently, the vertex set of every x, S -path as well as the vertex set of every x , S -path dominates C x , and the vertex set of every y, S -path as well as the vertex set of every y , S -path dominates C y .
We first establish the following three claims. Then we will complete the proof of the theorem. Claim 1. There is an x , y -path
Since (x , y) is not a DP there is an x , y -path
for some vertex z . Clearly, z cannot belong to a nonfar component because this would imply {s, z} ∈ E for all s ∈ S and every x , y -path has to contain at least one vertex in S .
There is a vertexŝ ∈ S that belongs to P . Now, the x ,ŝ-subpath of P as well as theŝ, y -subpath of P avoid N [z] . Suppose z belongs to one of the two possible far components, say C x . Then there is an x , y -path avoiding N [z] consisting of the x ,ŝ-subpath of P , a neighbor t ofŝ in C y , and a t, y -path inside the component C y . This would imply that (x , y ) is not a DP, a contradiction.
• Claim 2. The components C x and C y have depth at most 2 . By contradiction and w.l.o.g. we assume depth(C x ) ≥ 3 . Consequently, depth(x) ≥ 2 and depth(x ) ≥ 2 . By Claim 1, there is an x , y -path P and a vertex z ∈ S such that P avoids
, implying x and z are not adjacent. The vertex set of P dominates C x ; thus the vertex x has a neighbor w in P . Consequently, the path consisting of x and the w, y -subpath of P is an x, y -path avoiding N [z] , contradicting the assumption that (x, y) is a DP.
•
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Claim 3. d G (x, y ) ≤ 2 , and thus (x, y ) is not a DP. By Claim 1, there is an x , y -path
contains a neighbor of y . Otherwise, y has a neighbor q = x j in P . Since (x , y ) is a DP, the x , y -path (
• Analogously, starting with the assumption that (x, y) and (x , y ) are DPs and that (x, y ) is not a DP, we obtain d G (x , y) ≤ 2 and that (x , y) is not a DP. Furthermore, d G (x, y) 
Now we are ready to complete the proof of our theorem.
Hence y ∈ S . Notice that x / ∈ S ; otherwise, the definition of X implies {x, x } ∈ E , and thus d G (x, y) ≤ 2 , a contradiction. Therefore x ∈ C x , and, since (x , y ) is a DP, y is adjacent to all vertices in C y . Therefore y and y are adjacent, implying
Since y ∈ S there is an x , y -path in which all vertices except y belong to C x . Since (x , y ) is a DP we obtain that y is adjacent to all vertices of C y .
Let (x, t, y ) be a shortest x, y -path. Since y is adjacent to all vertices in C y the path Q = (x, t, y , y) is an x, y -path of length 3 with
Since diam(G) ≥ 5 there are vertices w and z with d G (w, z) = 5 . W.l.o.g. we may assume that w has only the neighbor x in Q and that z has only the neighbor y in Q.
The vertex y is adjacent to all vertices in C y , implying z ∈ S . Furthermore, x has a neighbor in Q; otherwise, (x, y) would not be a DP. Since d G (x , y ) ≥ 3 , the only possible neighbor of x in Q is x; thus (x , x, t, y ) is an x , y -path and therefore dominating. Consequently, {x , z} ∈ E which implies d G (w, z) ≤ 3 , contradicting the choice of w and z .
Case 3. d G (x, y ) = 2 and y ∈ C y . Let (x, t, y ) be a shortest x, y -path; thus t ∈ S . Since (x , y ) is a DP, y is adjacent to t or to y . Moreover, {y, t} ∈ E would imply d G (x, y) ≤ 2 , a contradiction. Therefore {y, y } ∈ E . Thus Q = (x, t, y , y) is an x, y -path of length 3 with N [{x, t, y , y}] = V . Therefore diam(G) ≤ 5 . As in Case 2, diam(G) ≥ 5 implies the existence of vertices w and z with d G (w, z) = 5 . We may assume that w has only the neighbor x in Q and z has only the neighbor y in Q.
First let z ∈ C y . Since (y , t) is a y , S -path, it dominates C y . Hence z is adjacent to t or y which contradicts the choice of z . Now let z ∈ S . As in Case 2, x has a neighbor in Q. Since d G (x , y ) ≥ 3 , the only possible neighbor is x; thus (x , x, t, y ) is an x , y -path and therefore dominating. Consequently, {x , z} ∈ E which implies d G (w, z) ≤ 3 , contradicting the choice of w and z .
Thus we have shown that for any weak dominating pair graph G with diameter at and (x, y ) are also DPs. This proves the theorem.
Remark 4.1. Clearly our polar theorem can be formulated for all graphs with diameter at least 5 . However, such a statement will be of no interest for graphs without a DP.
Remark 4.2. The original polar theorem for DPs in AT-free graphs establishes the polar property under the condition that the diameter of the AT-free graph is at least 4. For weak dominating pair graphs the diameter has to be at least 5 to guarantee the polar property, since there is a graph with diameter 4 violating the polar property (see Figure 2. 
1). Notice that this graph is even a dominating pair graph and has the following five dominating pairs: (a, g), (b, g), (c, f ), (c, h), (c, g).
Remark 4.3. One could ask the question, If G is a weak dominating pair graph with diameter at least 5, does G have a diametral DP? However, the answer is negative and a counterexample is given in Figure 4 In the last two sections we consider dominating pair graphs. It is not hard to see that the established theorems cannot be extended to weak dominating pair graphs.
Chordal dominating pair graphs.
We need a lemma on chordal graphs from Farber and Jamison [8] . For more information on chordal graphs we refer the reader to [2, 9] . Definition 5.
A subset S ⊆ V of a graph G is called m -convex if for any pair of vertices u, v ∈ S each chordless u, v -path is contained in S .
Hence, if two vertices x and y of an m-convex set S can be joined by a path outside S , i.e., all interior vertices of the path do not belong to S , then x and y must be adjacent.
Let G = (V, E) be a graph, let v be a vertex of G , and let k be a positive integer.
The next theorem gives a characterization of chordal dominating pair graphs by forbidden induced subgraphs. A 1 and B n (n ≥ 1) as an induced subgraph (see Figure  5 .1).
Theorem 5.3. A chordal graph G is a dominating pair graph if and only if it does not contain the graphs
Proof. By Lemma 3.7, the graphs A 1 and B n , for all n ≥ 1 , do not have a DP, since each of them has a 3 -distant AT. Hence a dominating pair graph cannot contain any of the graphs A 1 and B n , n ≥ 1 , as an induced subgraph.
Suppose the other direction of the theorem would not be true. Let G = (V, E) be a counterexample with the smallest number of vertices. That is, G is a chordal graph that does not contain A 1 and B n , for each n ≥ 1 , as an induced subgraph, and G is not a dominating pair graph; however, each proper induced connected subgraph of G is a dominating pair graph. Hence G itself is connected and has no DP.
We claim that any chordal graph with diameter at most 3 and no B 1 as an induced subgraph has a dominating set of cardinality at most two, which implies that it has a DP.
First, every chordal graph G with diam(G) ≤ 3 has a dominating clique [10] . Let C be a minimal dominating clique of G . Thus any vertex of C has a private neighbor with respect to C . On the other hand, since G is chordal and does not contain B 1 as an induced subgraph, there cannot be three different vertices x, y, z ∈ C such that P r(x, C) = ∅, P r(y, C) = ∅, and P r(z, C) = ∅. Consequently, |C| ≤ 2 . Hence G either has a dominating vertex u or a dominating edge {v, w} , which implies that either (u, u) or (v, w) is a DP of G .
Therefore the theorem is true for graphs of diameter at most 3. 0 , a 1 , a 2 
Recall that the graph G − u is a chordal dominating pair graph by the choice of G . We distinguish two cases.
Subcase A. G − u is disconnected. First assume that a and b belong to the same component of G − u . Thus there is a shortest a, b-path Q = (a = b 0 , b 1 , . . . , b s (a 3 , a 4 , . . . , a r = b = b s , b s−1 , . . . , b 1 , b 0 = a, a 1 ) is an a 1 , a 3 -path outside N G [u] . Thus the chordality of G and Lemma 5.2 imply that a 1 and a 3 are adjacent, a contradiction to the choice of P .
Consequently, there is at least one vertex of Q that is a neighbor of u . By the chordality of G , and since {a, u} / ∈ E and {b, u} / ∈ E , we obtain that
, s − 1} and it induces a B j−i in G , if i < j . Hence the remaining subcase is i = j ∈ {1, s − 1} .
Assume i = j = s − 1 . Then (a 1 , a, b 1 , b 2 , . . . , b s−1 ) is a path in G between two neighbors of u , and this path is outside of D 1 (u) = N G [u] . Therefore Lemma 5. 2  implies {a 1 , b s−1 } ∈ E and thus d G (a, b) ≤ 3 , contradicting the choice of (a, b) . Then (a 3 , a 4 , . . . a r−1 , b, b s−1 , . . . , b 1 ) is a path in G between two neighbors of u , and it is outside of N G [u] . Thus Lemma 5.2 implies {a 3 , b 1 } ∈ E .  Hence d G (a, b) ≤ r − 1 = diam(G) − 1 , contradicting the choice of (a, b) . Now assume that a and b are in different components of G − u . Hence G − u has at least two far components, namely, C a and C b . Notice that there are at most two far components of G − u , since otherwise A 1 is an induced subgraph of G , contradicting the choice of G . Clearly, these far components are C a and C b .
Consider any far component
is a connected proper induced subgraph of G and has a DP (x, y) . By the construction of G[C ∪ {u, v C }] , we may assume x = x C ∈ C and y = u . This establishes the existence of a DP (
This contradicts the choice of G as a graph without a DP.
Subcase
We claim that x and y belong to different components of
To prove the claim, we suppose that x and y belong to the same component Let
is m -convex, and {u x , u y } / ∈ E , we conclude that all vertices of Q are neighbors of u . Consider the x, y -path in G − u obtained by replacing the subpath (u x , u, u y ) in P by Q . This path contains a neighbor of w since (x, y) is a DP in G − u , which implies that Q contains a neighbor of w , say w . By the chordality of G and since P is chordless, the neighbors of w in P form a subpath (c i , c i+1 , . . . , c j ) of P containing u . If i = j , then c i = u and {u x , u x , u, u y , u y , w , w} induces an A 1 , a contradiction.
Therefore i < j. Suppose w is adjacent neither to x nor to y . Then {c i−1 , c i , . . . , c j , c j+1 , w , w} induces a B j−i in G , a contradiction. Otherwise, we may assume {x, w } ∈ E . By our choice of (x, y), (w , y) is not a DP of G − u . Thus there is a vertex z and a w , y -path in G − u avoiding N G−u [z] . Since {x, w } ∈ E , we can add the vertex x to this path and obtain a new x, y -path in G − u . This new Therefore the theorem is true for graphs of diameter at least 4 , and this completes the proof. Theorem 5.3 gives a characterization of a certain subclass of chordal graphs by forbidden induced subgraphs.
The best-known theorem of this type was established by Lekkerkerker and Boland in 1962. They showed that interval graphs are exactly the chordal AT-free graphs [12] . They also established the following characterization of interval graphs.
Theorem 5.4 (see [12]). A chordal graph G is AT-free if and only if it does not contain the graphs
, and E n (n ≥ 1) as an induced subgraph (see Figures 5.1 and 5.2) .
Furthermore, a characterization of chordal diametral path graphs, showing that A 1 and B 1 are the two minimal forbidden induced subgraphs, is given in [7] .
The following corollaries are immediate consequences of Theorem 5.3. The x, y -path (x, a, u, b, y) is dominating, since (x, y) is a DP. Furthermore, neither (x, a, u, b) nor (a, u, b, y) is dominating. Hence P r(a 1 , D) can be partitioned into the two nonempty sets A P r(a 1 , D) . Furthermore, d G (x, y) = 4 implies {a, w y } / ∈ E ,
